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We  consider  robust  components  as constant  over  all  possible  unknown  mechanisms.
We  derive  a method  to incorporate  a preference  for  sparsity  in  the  mechanism.
Improvement  in robustness  is  demonstrated  with  simulation.
Application  to  fMRI  demonstrates  superior  accuracy  in  classifying  schizophrenia.
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a  b  s  t  r  a  c  t

Background:  Our  goal  is  to  identify  the brain  regions  most  relevant  to  mental  illness  using  neuroimag-
ing.  State  of  the  art  machine  learning  methods  commonly  suffer  from  repeatability  difficulties  in  this
application,  particularly  when  using  large  and  heterogeneous  populations  for  samples.
New  method:  We  revisit  both  dimensionality  reduction  and  sparse  modeling,  and  recast  them  in  a  common
optimization-based  framework.  This  allows  us to combine  the  benefits  of both  types  of  methods  in  an
approach  which  we  call  unambiguous  components.  We  use this  to estimate  the  image  component  with
a constrained  variability,  which  is  best correlated  with  the  unknown  disease  mechanism.
Results:  We  apply  the  method  to the  estimation  of  neuroimaging  biomarkers  for  schizophrenia,  using
task  fMRI  data  from  a large  multi-site  study.  The  proposed  approach  yields  an  improvement  in both
robustness  of the  estimate  and  classification  accuracy.
Comparison with  existing  methods:  We  find  that  unambiguous  components  incorporate  roughly  two  thirds

of the same  brain  regions  as  sparsity-based  methods  LASSO  and  elastic  net,  while  roughly  one  third  of
the  selected  regions  differ.  Further,  unambiguous  components  achieve  superior  classification  accuracy
in  differentiating  cases  from  controls.
Conclusions:  Unambiguous  components  provide  a robust  way  to estimate  important  regions  of  imaging
data.

©  2016  Elsevier  B.V.  All  rights  reserved.
. Introduction

In this paper our goal is to find the most relevant brain regions
iven labeled neuroimaging data; the ultimate goal is to use those

esults to understand disease mechanisms, as well as to provide
iomarkers to help diagnose (i.e., classify) patients as having dis-
ase or not. There is a significant need for techniques which

∗ Corresponding author at: Department of Biomedical Engineering, Tulane Uni-
ersity, New Orleans, LA, USA.

E-mail address: kdillon1@tulane.edu (K. Dillon).

ttp://dx.doi.org/10.1016/j.jneumeth.2016.11.005
165-0270/© 2016 Elsevier B.V. All rights reserved.
can robustly extract information in such a problem. Neuroimag-
ing, particularly functional neuroimaging, has provided a wealth
of intriguing information regarding brain function, but has yet
to show clear value to psychiatric diagnosis (Krystal and State,
2014). Despite this, impressive results have been achieved with
machine learning techniques such as support vector machines,
which demonstrate high classification accuracies (Orr et al., 2012).
Reproducibility problems persist however (Buck, 2015), with an

apparent trend towards poorer performance for larger studies
(Schnack and Kahn, 2016).

The identification of meaningful components of the data is a key
benefit of many feature selection techniques (Guyon and Elisseeff,
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Fig. 1. (a) Mathematical model Ax = b, where x describes the mechanism that relates
brain activity to phenotype (psychiatric assessments). The contrast map  for a single
subject, ak , provides the kth row of A. As there are still many unknown biological
variables, the problem is underdetermined and x cannot be found uniquely; instead
we must settle for a probable result such as a maximum likelihood solution which
K. Dillon et al. / Journal of Neur

003), in addition to providing improvements in performance of
ubsequent classification stages (Chu et al., 2012). In a typical neu-
oimaging study there may  be tens or hundreds of subjects, each
ith an image consisting of up to hundreds of thousands of vox-

ls, resulting in an extremely underdetermined problem. A popular
ategory of feature selection approaches is regularized regression
echniques such as LASSO (Tibshirani, 1996) and related methods
mploying sparse models (Cao et al., 2014; Lin et al., 2014). Such
upervised techniques impose task-specific information (the data
abels), with a penalty term to incorporate prior knowledge. In the
ase of LASSO, the prior knowledge amounts to a presumption of
parsity on the relationship between image data and labels, i.e., that
he underlying biological mechanism involves a limited number of
he imaged voxels. Unfortunately, if the problem is both very under-
etermined and very noisy, then the regularized solution may  not
e a particularly superior choice; many solutions may  potentially
e of similar or even equal probability to each other. For example in
he underdetermined case, the LASSO solution may  not be unique
or highly-structured datasets (Tibshirani, 2013; Zhang et al., 2014).
long these lines, we simply may  not have sufficient confidence in

he validity of our prior knowledge formulation to presume that
he most regular solution is preferable to those even moderately as
egular.

From a different direction, dimensionality reduction techniques
Lemm et al., 2011) offer a more robust approach to feature selec-
ion in neuroimaging data. An example is principal component
nalysis (PCA) (Dunteman, 1989), which finds basis vectors for the
pace containing the data variation. This set of basis vectors can be
iewed as robust in the sense that they are common to all solutions
f any linear regression based on the data. In statistics a closely-
elated concept is estimable functions (Milliken and Johnson, 2009).

e  will refer to components with such a property as unambigu-
us, and examine this more formally in the next section. Of course
uch components only describe the data itself, not necessarily the
spects of the data pertinent to our application, such as for find-
ng information most related to a disease phenotype. A common
pproach is to utilize PCA and related factoring methods in a super-
ised fashion by choosing a subset of factors which best correlate
ith the labels. Supervised factoring techniques such as the “Super-

ised PCA” of Barshan et al. (2011), and related methods, can be
iewed as a more sophisticated version of this technique, finding a
ransformation of the data such that the correlation with the labels
s maximized. However these techniques are not able to incorpo-
ate prior knowledge, such as sparsity of the mechanism, into this
ransformation. Techniques have been developed which do incor-
orate sparsity into unsupervised factoring techniques (e.g., sparse
CA of Zou et al., 2006) in a heuristic sense, though this differs
rom presuming sparsity of the underlying mechanism; the pre-
umption of sparsity is applied to the structure of the component
tself rather than to the unknown mechanism. Hybrid methods have
een proposed which perform PCA following a pre-screening step
hich picks a subset of variables over a correlation threshold (Bair

t al., 2006) or in known pathways (Ma  and Dai, 2011). However
e would prefer to incorporate multi-variable relationships in the

creening component.
In this paper, we develop an approach which combines the ben-

fits of both regularized estimates and dimensionality reduction
y simultaneously enforcing unambiguity and prior knowledge

n calculating components. We  start by reviewing dimensional-
ty reduction from the perspective of unambiguous components.
hen we review related regularization methods and show how
hey motivate our approach to incorporate prior knowledge into

nambiguous components. By maximizing the correlation with
he mechanism, we calculate components which identify the most
mportant regions in the data. We  use a simulation to show how
his component performs robustly in the face of inaccurate prior
utilizes prior knowledge, or an estimable component of x. (b) Continuum between
rowspace components and most probable solution, based on increasing confidence
in  the prior knowledge, which we control by the relaxation parameter ı1.

knowledge, by demonstrating that the correlation still remains
controlled as the prior knowledge is relaxed. Finally, we  show a suc-
cessful application to biomarker identification where we  identify
features of fMRI data which relate to schizophrenia more accurately
than other methods which utilize sparsity as prior knowledge.

2. Materials and methods

We will consider the linear model Ax = b + n where A is a m × n
data matrix with n > m, containing samples as rows, and variables
as columns; b is the phenotype encoded into a vector of labels such
as case or control; the solution x is the unknown model parame-
ters that relate A to b; and n is a noise vector about which we  have
only statistical information. We  will also assume the means have
been removed from b and the columns of A to simplify the pre-
sentation. The rows of A are provided by the contrast images from
individual study subjects, so a predictor x selects a weighted com-
bination of voxels (i.e., columns of A) which relates the imagery to
the case–control status. By examining the weightings in this com-
bination we  hope to learn more about the spatial distribution of
causes or effects of the disease, which we will term the “mecha-
nism” in this paper. The model is depicted in Fig. 1(a), where we
depict the true solution x as the mechanism whereby brain activ-
ity relates to the measured phenotypes. Of course there are far
more unknown variables than samples, hence our linear system
is underdetermined and there will be many possible x which solve
the system. One way to address this problem is to impose prior
knowledge about the biological mechanism, such as a preference
for sparser x, and select the solution which best fulfills this pref-
erence. We will review this approach in a later section. Another
approach is to restrict our analysis to components of the solution
which may  be more easily estimated, such as via dimensionality
reduction; an intuitive example of this approach is to group vox-

els into low-resolution regions. These alternatives are depicted in
Fig. 1(b), as extremes on a continuum of possible methods, where
the goal of this paper is to find intermediate information which
utilizes the benefits of both extremes.
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Fig. 2. Two-dimensional example: (a) The rowspace of A is the direction of data diversity, while the nullspace is perpendicular directions, which lack diversity. (b)The solution
set  to Ax = b is the affine space SEC , which is parallel to the nullspace; the ambiguity due to lack of data diversity results in ambiguity of possible solutions forming SEC . (c)
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he  distribution of x resulting from the likelihood P(b|x), the high probability regio
y  ‖Ax − b ‖ 2 ≤ ˛2, and a bound on the prior distribution P(x) enforced by ‖x ‖ 1 ≤ ˛1

s  tight as possible.

.1. Dimensionality reduction

To see how dimensionality reduction can apply to the estimation
f mechanism, consider the Singular Value Decomposition (SVD) of

 = USVT, where S is a diagonal matrix of singular values �i, and U
nd V contain the left and right singular vectors ui and vi. In Princi-
al Components Analysis (PCA) the focus is on this expansion itself,
owever our focus here is on the mechanism which we model by
. If we plug USVT into Ax = b and apply the transformation UT to
oth sides, we get a diagonalized system with decoupled equa-
ions of the form �ivT

i
x = uT

i
b. This equation tell us that, while we

annot calculate the true x in the underdetermined case, we can cal-
ulate components of x corresponding to nonzero singular values.
ne way to view this property is by considering that these com-
onents are constant for all possible x given our linear system. In
ther words, �ivT

i
x calculates the same value for any solution in the

et
{

x | Ax = b
}

. In terms of our application, this means while we
annot identify the true mechanism x, we can extract reliable com-
onents of it. For example, we might be able to coarsely identify

arge regions containing important activity, without being able to
inpoint particular voxels within those regions. Of course the SVD
elects vectors based on orthogonal directions of ranked data vari-
tion, which may  not be best suited to provide information about
he disease mechanism. We  will address this later by optimizing
he choice of component, but first we will formally consider this
roperty of constant components so that we may  extend it later to

ncorporate prior knowledge.

.2. Unambiguous components without prior knowledge

In this section we will introduce the idea of unambiguous
omponents in the noise-free case without prior knowledge. The
oncept is demonstrated geometrically in Fig. 2(a), where the use-
ul information in A forms the matrix rowspace; this contains the
imensions over which we have a diversity of data which we can
ompare to the phenotype b. Dimensions perpendicular to the
owspace form the nullspace, directions over which our data does
ot vary. For example if our dataset was composed of subjects with
he same age, then we cannot perform a regression to see how dis-
ase risk relates to age. In terms of components of the data, if c is a
oading vector and ai is a sample (row of A), then cTai is potentially
seful information when c is in the rowspace, and useless informa-
ion (in fact always zero) when c is in the nullspace. An equivalent
erspective, depicted in Fig. 2(b), is the geometry of the solution
et to the regression model. This is the affine set SEC, composed

f an offset (the least-length solution x0) plus a vector from the
ullspace.

EC =
{

x | Ax = b
}

. (1)
earest SEC . (d) The set SDR formed by the intersection of a bound on P(b|x) enforced
ASSO solution x1 is based on a trade-off where the combination of bounds must be

The subscript “EC” refers to x being only equality-constrained (i.e.,
we have imposed no prior knowledge yet). The rowspace vectors
yield estimable components of x given the data, while nullspace
vectors give the dimensions of ambiguity we  have about x. We  will
formulate this relationship rigorously next.

Recall that the rowspace of A is defined as the set
of all possible linear combinations of rows, i.e., R(AT ) ={

c | AT y = c ∀ y ∈ R
m
}

. We  can equivalently view this as a set
whose members take on a constant value over SEC. In other words,
they form the set of unambiguous components for SEC. We  state
this simple but important fact in Theorem 1.

Theorem 1. The following two  statements are equivalent:

1. c ∈ R(AT ).
2. cTx = � for all x ∈ SEC, where � is a constant.

Proof. It is straightforward to note that, as ATy = c, we have
cTx = yTAx = yTb ≡ �. However it will be useful to our subsequent
extension to note the fact that the rowspace is the orthogonal
complement to the nullspace, and can be also written as R(AT ) ={

c | cT z = 0 ∀ z ∈ N(A)
}

. Equivalently, any vector z in the
nullspace may be described as a difference between solutions, i.e.,
z = x1 − x2, where x1, x2 ∈ SEC. Therefore the rowspace may also
be written as R(AT ) =

{
c | cT x1 = cT x2 ∀ x1, x2 ∈ SEC

}
, which

explicitly states the equivalence in Theorem 1. �

The principal components of A corresponding to the r nonzero
singular values must be in the rowspace. Again, given a singular-
value decomposition A = USVT, we  have VSUTy = c for c ∈ R(AT ),
and hence VT c = SUT y = ∑r

i=1�iui, where the ui for i ∈
{

1, ..., r
}

form a basis for the rowspace. So principal components are unam-
biguous components.

Later we will also consider how to optimize the choice of com-
ponent such that it also computes a score which is maximally useful
for an application (such as to identify important image regions
for classification of disease). But first we will extend the concept
of unambiguous components to incorporate prior knowledge. Our
focus on components of the mechanism x rather than of the data
ai allows us to incorporate prior knowledge which applies to x into
the method, such as the presumption of a sparse biological mecha-
nism. In effect, we  will utilize prior knowledge to further restrict the
variation in x and potentially increase the estimable components
of x.

2.3. LASSO and Elastic Net
In this section we  will review closely-related estimation meth-
ods which utilize prior knowledge, to provide an intuitive basis
for our mathematical formulation. The Maximum A Posteri-
ori (MAP) estimate xMAP is the solution which maximizes the
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osterior probability P(x|b) over x. Using Bayes’ theorem, we  can
orm the equivalent problem, argmaxx P(b|x)P(x), which utilizes
he likelihood P(b|x) (essentially the distribution for n), and the
rior probability distribution P(x). It is the form of this prior dis-
ribution which we refer to as the prior knowledge. A common
pproach is to take the log of this objective to get a penalized regres-
ion problem. With a Gaussian distribution for n and a Laplace
istribution for x, taking the log yields the most well-known version
f LASSO, minx‖Ax − b‖2

2 + �‖x‖1. LASSO was originally proposed
n the form, minx‖Ax − b‖2

2 subject to ‖x‖1 ≤ ˛1, with the other
ersion sometimes described as the Lagrangian form. It can be
hown that for any �, a ˛1 exists such that these optimization
roblems have the same minimizer, x1. We  can similarly form the
easibility problem (an optimization problem which stops when
ny feasible point is found, hence we simply use a zero for the
bjective as it is irrelevant (Boyd and Vandenberghe, 2004)),

x1 = argmin
x

0

‖x‖1 ≤ ˛1

‖Ax − b‖2 ≤ ˛2

(2)

n this paper we will focus on sets of the general form of this feasible
et we will denote as SDR. In terms of the statistical distributions,
he constraints on the norms amount to constraints on the proba-
ilities, as in

DR =
{

x | ‖x‖1 ≤ ˛1, ‖Ax − b‖2 ≤ ˛2
}

. (3)

DR =
{

x | P(x) ≥ Pmin, P(Ax − b) ≥ Pmin

}
. (4)

The subscript DR refers to the combination of denoising and reg-
larization constraints. It can also be shown that x1 which solves
he previous versions, will provide a member of this set. Therefore,
e may  write the LASSO problem as

x1 = argmin
x

0

x ∈ SDR (5)

The elastic net (Zou and Hastie, 2005) can be viewed as a varia-
ion on LASSO, where (under the Bayesian framework) the Laplace
rior distribution for the prior is replaced by a product of Laplace
nd Gaussian distributions. Taking the log of the posterior distri-
ution leads to the well-known problem minx‖Ax − b‖2

2 + �1‖x‖1 +
2‖x‖2

2. As with LASSO, we may  achieve the same solution using dif-
erent optimization problems. We  wish to use the same constraints
s earlier, so we form the related problem,

x2 = argmin
x

‖x‖2
2

‖x‖1 ≤ ˛1

‖Ax − b‖2 ≤ ˛2

= argmin
x

‖x‖2
2

x ∈ SDR.
(6)

ecall that LASSO seeks any single solution within SDR. In that case,
1 and ˛2 are chosen as small as possible so the set is (hopefully)

 singleton. Elastic net, on the other hand, seeks the least length
olution in SDR, where we may  choose ˛1 and ˛2 more loosely, to
rade-off desirable properties of this solution. These are depicted
n Fig. 2 (d), where the LASSO solution, x1 is formed by tighten-
ng the bounds on the two sets (one representing the prior and

ne representing the noise) to minimal intersection. The elastic net
olution, by contrast, relaxes the constraints on the two sets form-
ng the larger set SDR, and selection of the least length solution in
his intersection. Next we will extend the unambiguous component
ce Methods 276 (2017) 46–55 49

idea to utilize SDR, thereby incorporating prior knowledge into the
framework.

Finally, note that the norms ‖·‖ 1 and ‖·‖ 2 may be replaced
with other choices of norms representing other forms of prior
knowledge, such as the �∞-norm, which imposes hard limits on
the unknowns or the error, and which might result from box
constraints (De Angelis et al., 1997) or a minimax regression
(Radhakrishna Rao and Toutenburg, 2013). More complex forms of
penalties are used in the elastic net (Zou and Hastie, 2005), and
methods utilizing mixed norms (Kowalski, 2009) such as group
LASSO (Yuan and Lin, 2006). The methods and theoretical results
in this paper are generally the same as long as the choice fulfills
the mathematical properties of a norm (though this is not a strict
requirement).

2.4. Unambiguous components subject to prior knowledge

Earlier, we introduced unambiguous components as compo-
nents of the unknown solution, which computed a constant score
over all possible solutions. Now we will extend this concept to
replace the set of possible solutions (SEC) with a set of highly-
probable solutions, for which we will use SDR. We  will also extend
the requirement that the score be constant to a requirement that
their variation is limited within a fixed bound. So in effect, given a
pool of solutions, which we  may  view as the most likely hypothe-
ses for the underlying mechanism, we will seek components which
compute approximately-constant scores for every likely mecha-
nism.

We incorporate prior knowledge as well as bounds on the score
by relaxing the rowspace with the following generalization,

RS(�) =
{

c | |cT x1 − cT x2| ≤ � ∀ x1, x2 ∈ SDR

}
(7)

RS(�) =
{

c | cT x1 − cT x2 ≤ � ∀ x1, x2 ∈ SDR

}
. (8)

Here we have relaxed the ambiguity to potentially allow a positive
bound �, as well as replaced SEC with SDR. Note that we  were able to
remove the absolute value in Eq. (8) because membership in RS(�)
requires the inequality hold for all x1, x2 ∈ SDR, hence if it holds for
x′

1, x′
2 ∈ SDR, it must also hold for x

′′
1, x

′′
2 where x

′′
1 = x′

2 and x
′′
2 = x′

1.
To highlight the view of this set as a generalization of the rowspace,
we state the following simple generalization of Theorem 1, without
proof,

Theorem 2. The following two statements are equivalent:

1. c ∈ RS(�).
2. � − 1

2 � ≤ cT x ≤ � + 1
2 � for all x ∈ SDR, where � is a constant.

Note that while this formulation appears quite simple, it will
generally not be possible to describe RS(�) in a closed form or ana-
lytically determine whether a vector is a member of RS(�). However
we may  use convex optimization theory to formulate RS(�) as a sys-
tem of inequalities. We  defined RS(�) via the test cTx1 − cTx2 ≤ �,
which may  also be written as cT(x1 − x2) ≤ �. We  may use optimiza-
tion to directly perform this test as follows,

p = max
x,x′

cT (x − x′)

x ∈ SDR

x′ ∈ SDR.

(9)

If the optimal value p ≤ �, then we  were unable to find any pair
of solutions to demonstrate an ambiguity in the component score

greater than �, and hence c ∈ RS(�). Similar methods have been pro-
posed elsewhere to use optimization to test boundedness (Dillon
and Fainman, 2013) and uniqueness (Dillon and Fainman, 2016;
Tibshirani, 2013) of solutions to systems with particular forms of
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rior knowledge; in those cases the test was performed over indi-
idual variables, whereas we will use a test for a general component

 here. SDR is a convex set so this is a straightforward convex opti-
ization problem for either maximization or minimization, and so
e can be assured of finding a global optima with an efficient algo-

ithm (Boyd and Vandenberghe, 2004). If we replace SDR with SEC
e have the equality-constrained linear program (Gill et al., 1991),

p = max
x,x′

cT (x − x′)

Ax = b

Ax′ = b.

(10)

nless c is in the rowspace of A, this optimization problem will
e unbounded. So the optimality condition for Eq. (10) is the now-
amiliar requirement that a solution can be found to ATy = c.

It is not useful to relax the ambiguity in the equality-constrained
ase (there, p is either zero or infinite), but for SDR we  can form
eneral conditions for c ∈ RS(�) incorporating a relaxed upper limit

 ≤ �. The analogous set of conditions achieved using SDR instead of
EC, and allowing a non-zero �, is the following, as we  will show
ith Theorem 3,

bT (y + y′) + ˛1(�1 + �′
1) + ˛2(�2 + �′

2) ≤ �

‖AT y − c‖∞ ≤ �1

‖AT y′ + c‖∞ ≤ �′
1

‖y‖2 ≤ �2

‖y′‖2 ≤ �′
2.

(11)

his is the generalization of the rowspace condition ATy = c to RS(�).
e show this with the following theorem,

heorem 3. If there exists a y, y′, �1, �′
1, �2 and �′

2 such that c is a
olution to Eq. (11), then c ∈ RS(�).

roof. We  can test the limits of cTx with the optimization problem
f Eq. (9) with S = SDR,

p = max
x,x′

cT (x − x′)

‖x‖1 ≤ ˛1

‖x′‖1 ≤ ˛1

‖Ax − b‖2 ≤ ˛2

‖Ax′ − b‖2 ≤ ˛2.

(12)

y forming the dual (Boyd and Vandenberghe, 2004) of the opti-
ization problem in Eq. (12), we can get an upper bound on the

ptimal. The dual optimization problem is

d = min
y, y′,

�1, �′
1, �, �′

{
bT (y + y′) + ˛1(�1 + �′

1) + ˛2(� + �′)
}

‖AT y − c‖∗
1 ≤ �1

‖AT y′ + c‖∗
1 ≤ �′

1

‖y‖∗
2 ≤ �2

‖y′‖∗
2 ≤ �′

2,

(13)

here ‖·‖ * is the dual norm of ‖·‖.  For example the dual norm for
he �1-norm is the �∞-norm (we provide this general result to allow

or other choices of norms if desired). The weak duality condition
Boyd and Vandenberghe, 2004), which always holds, tells us that

 ≤ d. By constraining the objective of Eq. (13) to be bounded by �,
hich would mean c ∈ RS(�), we get the conditions of Eqs. (11). �
ce Methods 276 (2017) 46–55

Note that strong duality holds for convex optimization problems
as well as many non-convex problems under a broad set of con-
ditions, the most well-known being Slater’s condition (Boyd and
Vandenberghe, 2004). When strong duality holds, the converse of
Theorem 3 holds as well, and so our conditions hold for all elements
of RS(�). We  will presume this is the case. Next we  will consider
the choice of useful components which fulfill the conditions of
Eqs. (11).

2.5. Optimizing components

The motivation and strategy of our approach are summarized in
Fig. 3. For a hypothetical example, we give several potential solu-
tions to Ax = b which we  denote as x(i), where Ax(i) = b for all i.
Recall each solution is a potential mechanism. For example, poten-
tial solution x(1) suggests the mechanism is based on activity at
voxel k2, while potential solution x(4) suggests the mechanism is
based on activity at voxel k1. Choosing any single solution such as
the MAP  solution is risky as it may  lead us to the wrong voxel if
incorrect. We  can analyze the risk of a choice of solution by looking
at its correlation with other high-probability solutions. If we  treat
the choice of solution as an alternative candidate for a component,
we may  equivalently evaluate this risk by examining the marginal
distribution of the score computed by this component. In Fig. 3
we depict multiple options for components; c(1) is the MAP  solu-
tion, while c(2) calculates the an average over a large region. Fig. 3
also gives the distributions for the scores computed by these com-
ponents (i.e., the range of correlations with potential solutions),
where we see that these two result in broad distributions. Such
broad distributions imply a wide possible variation in correlation
with the different possible solutions, meaning these components
are not very unambiguous, and hence are poor representatives of
the set of high-probability solutions. Our strategy is depicted in
Fig. 3 by the distribution for P(c∗T x), where we  set desired limits
on the spread of the correlations, and use optimization to choose
an optimal c* which fulfills these requirements. We  can implement
this strategy, therefore, using the conditions we derived in the pre-
vious section, recalling the relationship between the constraint sets
and the distributions of Eq. (4).

Further, in order to choose the unambiguous component which
is most useful for identifying properties of the mechanism, not only
do we  seek a component which is unambiguous, we also wish for
the correlation with potential solutions to be maximized. To moti-
vate this approach, consider the following robust strategy. Suppose
instead of seeking an unambiguous component, we  simply sought
a component which had high correlations with all possible x ∈ SDR

using the following minimax strategy,

x∗ = argmax
‖c‖=1

min
x ∈ SDR

cT x (14)

Here we  seek the c for which the worst-possible correlation with
high-probability solutions x ∈ SDR is maximized. If we exchange
the maximization and minimization to get minx ∈ SDR

max‖c‖=1 cT x,
then we can analytically solve the inner maximization to get
minx ∈ SDR

‖x‖2, which is a variation on the elastic net of Eq. (6). So
the elastic net can be viewed as a robust strategy to choose a vec-
tor c which maximizes the worst-case correlation with possible

mechanisms, defined by SDR.

For an unambiguous component, the correlations cTx will
be approximately equal for all x ∈ SDR by design. Therefore, we
can simply choose an unambiguous component with maximum
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F omponents, and the marginal probability distribution of feature values. The broader the
s n problem of calculating c based on constraints � and P� (which is based on ˛1 and ˛2),
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Fig. 4. True x, Basis Pursuit solution (xL1), and various other randomly-found solu-
tions (xw) plotted on top of each other, where ‖xL1‖1 = ‖xw‖1.
ig. 3. Example giving several solutions x with higher and lower P(x), candidate c
pread  of the values for a given feature, the more ambiguous the feature. The desig
mounts to finding a component who’s value has a controlled statistical spread.

orrelation using the following optimization (which we  will call
he UMAX problem, for Unambiguous Maximum correlation),

cUMAX = argmax
c,x

cT x̂

c ∈ RS

‖c‖ ≤ 1.

(15)

here x̂ is any solution in SDR, such as the LASSO solution x1. We
lso relaxed the unit length constraint to an inequality constraint
c ‖ ≤1, making the optimization convex. In the extreme case where
DR is small and only contains close approximations to x1, the opti-
al  c will converge to x1.
Optimization also provides an opportunity to impose additional

roperties on the component vector c. In particular, we  may  inde-
endently impose sparsity of our component (not to be confused
ith the sparsity prior which applies to the mechanism). In Eq.

16), we trade off a degree of sparsity on c and correlation with the
echanism, based on a choice of regularization parameter �.

c� = arg max
c,  y, y′,

�1, �′
1, �2, �′

2

{
cT x0 − �‖c‖1

}

bT (y + y′) + ˛1(�1 + �′
1) + ˛2(�2 + �′

2) ≤ �

‖AT y − c‖∞ ≤ �1

‖AT y′ + c‖∞ ≤ �′
1

‖y‖2 ≤ �2

‖y′‖2 ≤ �′
2

‖c‖2 ≤ 1.

(16)

or comparison, the following provides a similar optimization with-
ut the imposition of prior knowledge,

c∗
EC = argmax

c,y

{
cT x0 − �‖c‖1

}

AT y = c

‖c‖2 ≤ 1.

(17)

his component is simply the best choice according to our heuris-
ic which can be found within the rowspace. Techniques which
elect combinations of principal components such as sparse PCA
r supervised PCA, essentially form a variation of Eq. (17).
. Results

In this section we will demonstrate the method, first with sim-
lations which illustrate the ability to control the variance of the
component, then with real data where we compare the method to
LASSO and elastic net for feature selection.

3.1. Simulation

First, we performed a simulation which demonstrated the
robustness of the unambiguous component (i.e., the limited spread
of its correlation with all other potential mechanisms). For this
example, the minimum �1-norm (Basis Pursuit, Chen et al., 2001)
solution is itself not unique. To explore this, we use this solu-
tion set as SDR, so ˛2 = 0, and ˛1 computed from the Basis
Pursuit solution, ˛1 = minx ‖ x ‖ 1 subject to Ax = b. The matrix A
is 20 × 100 with binary random elements Aij ∈

{
−1, +1

}
. Such

highly-structured matrices often fail to yield unique solutions for
�1-norm based techniques (Dillon and Wang, 2016). The true solu-
tion xtrue is a sparse vector, plotted in Fig. 4, and b = Axtrue. Fig. 4 also
gives the Basis Pursuit solution, and a variety of other solutions
that have the same �1-norm (computed randomly), to demon-
strate the non-uniqueness of the Basis Pursuit solution for this
system.

In Fig. 5 we  give the components computed via Eq. (16) with
� = 0.1 (c0.1) and with � = 0 (cmax). We  used � = 0.01 to allow
for finite numerical precision. We  also computed the analo-
gous maximum component in the rowspace, cEC, using � = 0 in
Eq. (17).

To demonstrate the robust behavior of the components, we used

the optimization approach of Eq. (12) to measure the range of values
each component cTx could take. We  repeated this optimization over
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Fig. 5. Different candidates for computing feature.
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ig. 6. p(ı1) computed via Eq. (12) for component values cTx over a relaxed version
f  SDR based on using ˛1 + ı1, legend entries are arranged in same order as plot traces,
rom top to bottom.

 range of relaxations of the prior knowledge, where we  replaced
1 with ˛1 + ı1 as in the following,

p(ı1) = max
x,x′

cT (x − x′)

‖x‖1 ≤ ˛1 + ı1

‖x′‖1 ≤ ˛1 + ı1

‖Ax − b‖2 ≤ ˛2

‖Ax′ − b‖2 ≤ ˛2.

(18)

o when ı1 = 0, we have a test of the correlations with all possible
olutions that have the same �1-norm as the Basis Pursuit solution.
n Fig. 6 we see that the unambiguous components we  computed
chieve p ≤ 0.01 for ı1 → 0, as they were designed to, and as does
he rowspace solution cEC. Once this prior knowledge is relaxed by
ncreasing ı1, however, cmax and c0.1 cease to yield unique values
or cTx. For comparison we also demonstrate the correlation with
he Basis Pursuit solution itself, xL1. We  see that it always results in

 higher range p for the ambiguity, which demonstrates that xL1 is a
oorer choice for a component, as its correlation varies significantly
ore over the possible predictors.
Next we repeated the example but with more relaxed choices

or SDR in the component design, achieved by choosing larger val-
es for ˛1. We  also used different values for �, the constraint on
llowable variation in correlations. The results for three different
ombinations are given in Fig. 7 for three different combinations
f �  and ˛1. For each example, we chose a new pair of both ˛′

1 and
, where ˛′

1 is relaxed by a given amount versus the Basis Pursuit
ptimal ˛1 used in the previous example. We  again plotted the
erformance of these components over increasingly-relaxed ver-

ions of SDR, where we see the features are bounded by the chosen
mount of relaxation within the limit given by the chosen �. Fur-
her we see that the choice of � and ˛1 can control the robustness of
he feature beyond the constraint set, as the range of correlations
Fig. 7. p(ı1) computed via Eq. (12) for component values cTx over a relaxed set using
three different combinations of ı1 and �.

smoothly increase with a curve which depends on the conditions
used. This suggests that by carefully designing SDR, we can calculate
components which robustly compute the information we seek.

3.2. Biomarker identification from real fMRI data

Next we  will use the calculated components for finding regions
which most accurately classify diseases. We  consider a dataset con-
sisting of functional MRI  images for a number of subjects which
are labeled as cases or controls. We  will first use cross-validation
to optimize a LASSO regression estimate, in order to find a MAP
estimate with the best possible accuracy in differentiating cases
versus controls, and this will set the standard we wish to improve
on. Then with this as a starting point, we will relax the prior
knowledge a controlled amount and use cross-validation to test for
improvement in terms of accuracy with unambiguous components.
Accuracy is directly computed using the sign of the component
score cTai versus the true class, where ai is an image in the test
set. The goal is to take advantage of the behavior we saw in the
simulations as the prior is relaxed, to improve robustness while at
the same time maximizing the ability to discriminate cases versus
controls.

We  used the data from a study comparing psychiatric patients
to controls during an auditory sensorimotor task, conducted by
The Mind Clinical Imaging Consortium (MCIC) (Gollub et al., 2013).
The study included 208 participants, 92 of whom were diagnosed
with schizophrenia, schizophreniform or schizoaffective disorder;
the remaining 116 were healthy controls. The fMRI data were pre-
processed using the statistical parametric mapping (SPM) software
(Penny et al., 2011); contrast images associated with the auditory
stimuli form the data samples we  use. Further details of the data
collection and preprocessing can be found in our previous study
(Chen et al., 2012).

Fig. 8 provides projections of the components or predictors cal-
culated with several different methods. For PCA, Logistic LASSO,
and Elastic Net, we used Matlab (Grace, 1992). The sparse princi-
pal component was  calculated using the SpaSM toolbox (Sjstrand
et al., 2012), with a setting of 100 nonzero voxels. The regular-
ization parameters for all methods were chosen using 10-fold
cross-validation. For UMAX (the proposed method) we  started from
the norms of the LASSO solution, then performed a line search for
the optimal choice of relaxation, and picked the result with highest
accuracy.

Both the first principal component and the sparse principal
component took largest values in the occipital lobe, unlike the
supervised methods, suggesting the signal variability was highest

there, but not significantly related to the phenotype. The univari-
ate correlation was highest in the precentral and postcentral gyrus,
as noted in Chen et al. (2012). This was also evident in the LASSO,
Logistic elastic, and UMAX results. The logistic elastic and UMAX
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Fig. 8. Projections of components calculated using: Pearson correlation, PCA, Sparse PCA, LASSO, Logistic Elastic Net, and UMAX (proposed method).

Fig. 9. Component ranges for different elements versus sets of L1-regularized solu-
tions; legend entries are arranged in same order as plot traces, from top to bottom.

Table 1
Methods and selectivity of different components compared to disease status.

Method Accuracy Correlation

PCA 48.6 % −0.08
Sparse PCA 54.3 % 0.03
LASSO 62.1 % 0.23
Elastic 62.5 % 0.26
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Logistic elastic 65.4 % 0.31
UMAX 69.2 % 0.35

esult also included more of the neighboring sensory and motor
ssociation cortex, and UMAX in particular included a much higher
eight to regions of the prefrontal cortex. In Fig. 9 we give the

esults of testing these components over relaxations of SDR, sug-
esting how robust they are to the actual degree of sparsity of the
rue predictor (measured by relaxations of the �1-norm). Again we
ee the controlled ambiguity of the UMAX method. Interestingly,
e see that the sparse PCA component had higher ambiguity.

To compare the components’ value as biomarkers or for inspir-
ng further research into particular regions, we considered their
ccuracy at finding regions relevant to the disease. Hence we  tested
he other features’ classification performance directly by compar-
ng the sign of the feature score cTai to the sign of bi, where ai is a
ample in our test set, c is a feature tested, and bi ∈

{
+1, −1

}
is
he phenotype for the sample. In Table 1 we give the best accuracy
defined as the fraction of total test samples which were correctly
lassified, as used to determine the parameter values) and Pear-
on correlation achieved by each of the six features in 10-fold
Fig. 10. Intersections and differences in ROI containing the nonzero signal for the
different components; the elastic net result is essentially a superset of LASSO, while
the  UMAX overlaps with roughly two thirds of each.

cross validation. As expected, we find that the PCA and sparse PCA
components are not relevant to the disease. The LASSO solution
performed fairly poorly and extensions such as elastic net (which
allow a denser solution) and Logistic Elastic Net, yielded minor
improvements. Relaxation using the UMAX achieved a more sig-
nificant improvement, both in terms of accuracy and correlation.
We note that the overall accuracies achieved here are in line with
meta-analyses (Schnack and Kahn, 2016), which generally suggest
accuracies of 65–70 percent for samples of this size.

Next we identified the regions of interest (ROI) containing the
signal for each of the components, using the Automated Anatom-
ical Labeling (AAL) parcellation (Tzourio-Mazoyer et al., 2002). In
Fig. 10 we  give the number of common and different ROI for the
three methods. We  see that the elastic net essentially identifies a
superset of the LASSO selections, while the proposed method only
agrees with about two-thirds of each. Projections of the common
and different ROI (for a comparison of UMAX versus Logistic Elastic
Net) are provided in Fig. 11, and the names of ROI’s are provided in
the appendix.
4. Discussion

In this paper we  provided a robust supervised framework
for utilizing prior knowledge to find pertinent components of
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ic Net and UMAX estimate, and projections of those in only one result but not other.
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Table 3
ROI in either UMAX or Logistic Elastic Net which is not common to other.

UMAX only Logistic elastic only

Frontal Mid  R Parietal Inf L
Precentral R Olfactory L
Temporal Inf R Insula R
Frontal Med Orb L Caudate L
Cerebelum Crus2 L Parietal Sup L
ParaHippocampal R Putamen L
Supp Motor Area L Thalamus R
Cingulum Ant L Cerebelum 3 R
Olfactory R SupraMarginal R
Parietal Inf R Rolandic Oper R
Frontal Sup Orb L Temporal Pole Sup R
Fusiform L Hippocampus L
Frontal Sup Orb R
Cerebelum 4 5 L
SupraMarginal L
Calcarine R
Frontal Inf Orb L
Cingulum Mid  R
Fig. 11. Projections of components contained in ROI’s common to Logistic Elast

iological mechanisms. We  demonstrated promising preliminary
esults using the technique for neuroimaging data, where we found
hat the choice of a maximum correlation component provided bet-
er accuracy as a classifier of case versus control. The use of the
1-norm assumes a Laplacian prior, and therefore common signifi-
ance testing approaches, which presume Gaussian statistics, are
ot applicable. Hence we used the best accuracy seen in cross-
alidation as the metric to determine performance. We  found a
imited degree of relaxation of the prior provides improvement,
s the simulations suggested we might, particularly given the fact
hat the prior appeared to be of limited effectiveness. As the scope
f this paper is the introduction of a broadly-applicable method,
here many possible forms of prior may  be used, we  did not delve
ore deeply into the more specific issues of �1-regression and asso-

iated statistical issues. In future work we intend to focus on both
he development of more specialized priors, as well as associated
ignificance testing approaches.

Potential difficulties of the method relate to the computational
omplexity, both in terms of algorithmic complexity, as well as the
umber of parameters to be chosen. We  can view the latter (indeed
ll variables except c) as internal variables chosen by the algorithm
tself, for example via cross-validation as in the previous section.
he advantages of the method result from its rigorous formulation
s a combination of dimensionality reduction with prior knowl-
dge. We  saw that this provides significant advantage for extremely
oisy and underdetermined problems such as classification with
euroimaging data.

cknowledgements

The authors wish to thank the NIH (R01 GM109068, R01
H104680, R01 MH107354) and NSF (1539067) for their partial

upport.

ppendix: ROI Listing.

able 2
OI common to UMAX and Logistic Elastic Net.

Postcentral R Temporal Sup R Postcentral L

Frontal Mid L Temporal Sup L Precentral L
Cingulum Mid  L Temporal Mid L Paracentral Lobule L
Cuneus L Precuneus L Precuneus R
Cerebelum 6 L Frontal Sup R Parietal Sup R
Calcarine L Cingulum Post L Cerebelum 6 R
Frontal Sup Medial L Supp Motor Area R Cerebelum Crus1 L
Frontal Inf Tri R Frontal Med  Orb R Temporal Pole Sup L
Cerebelum 4 5 R Fusiform R Lingual L

Occipital Mid  L Paracentral Lobule R Temporal Mid R
Lingual R Rolandic Oper L Caudate R
Rectus R
Insula L
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